The concept of a geodesic invex subset of a Riemannian manifold is introduced. Geodesic invex and preinvex functions on a geodesic invex set with respect to particular maps are defined. The relation between geodesic invexity and preinvexity of functions on manifolds is studied. Using proximal subdifferential, certain results concerning extremum points of a non smooth geodesic preinvex function on a geodesic invex set are obtained. The main value inequality and the mean value theorem in invexity analysis are extended to Cartan-Hadamard manifolds.
Introduction
Convexity plays a vital role in optimization theory. This concept in linear topological spaces relies on the possibility of connecting any two points of the space by the line segment between them. Since convexity is often not enjoyed by the real problems various approaches to the generalization of the usual line segment have been proposed to relax the convexity assumptions.
In 1981 Hanson [9] introduced the concept of invexity, generalizing the difference x − y in the definition of convex function to any function η(x, y). Since then numerous articles have appeared in the literature reflecting further generalizations and applications in this category. For a survey of recent advances in generalized convexity one can consult [14] . Ben-Israel and Mond [5] introduced a new generalization of convex sets and convex functions and Craven [6] called them invex sets and preinvex functions, respectively.
On the other hand, a manifold is not a linear space. Rapcsák [15] and Udriste [16] proposed a generalization of convexity which differs from the others. In this setting the linear space is replaced by a Riemannian manifold and the line segment by a geodesic, see [15, 16] and references therein.
The organization of the paper is as follows: in Section 2 some concepts and facts from Riemannian geometry are collected. In Section 3 we define geodesic invex sets, and motivated by [13] , we define the concepts of a geodesic invex function. Then geodesic preinvex functions are defined and some examples of these notions on Riemannian manifolds are given.
In Section 4 we study the link between geodesic invexity and geodesic preinvexity for smooth functions. We prove that a differentiable geodesic preinvex function is geodesic invex. Then, applying a natural condition on a geodesic invex function, we investigate whether geodesic invexity implies preinvexity.
In Section 5 we apply the proximal subdifferential of preinvex functions (see [4] ). We relax the smoothness condition on geodesic preinvex functions and considering lower semicontinuity we study the question of global minimum of these functions on Riemannian manifolds.
In Section 6 we extend the mean value theorem for differentiable functions defined on invex sets in R n to differentiable functions on invex subsets of Riemannian manifolds (see [1, 2] ).
Preliminaries
In this section, we recall some definitions and known results about Riemannian manifolds which will be used throughout the paper. We refer the reader to [10, 11] for the standard material of differential geometry.
Throughout this paper M is a C ∞ smooth manifold modelled on a Hilbert space H , either finite dimensional or infinite dimensional, endowed with a Riemannian metric ·,· p on the tangent space T p M ∼ = H . The corresponding norm is denoted by p . Let us recall that the length of a piecewise
For any two point p, q ∈ M, we define If f is a differentiable map from the manifold M to the manifold N , we shall denote by df x the differential of f at x.
We also recall that a simply connected complete Riemannian manifold of nonpositive sectional curvature is called a Cartan-Hadamard manifold.
Geodesic invex sets and geodesic invex functions
Definition 3.1. Let M be a Riemannian manifold and η : M × M → T M be a function such that for every x, y ∈ M, η(x, y) ∈ T y M. A nonempty subset S of M is said to be geodesic invex with respect to η if for every x, y ∈ S there exists exactly one geodesic α x,y :
Recall that a subset S of a Riemannian manifold is called geodesic convex if any two points x, y ∈ S can be joined by exactly one geodesic of length d(x, y) which belongs entirely to S (see [2, 11] ). Remark 3.1. Let M be a Cartan-Hadamard manifold (either finite dimensional or infinite dimensional). On M there exists a natural map η playing the role of the x − y in Euclidean space R n , for every x, y ∈ R n . Indeed, we can define the function η as
where α p,q is the unique minimal geodesic joining q to p defined (see [11, p. 253] ) as follows:
Therefore, every geodesic convex set S ⊆ M is a geodesic invex set with respect to the η defined in (1) . Note that the converse does not hold in general, see Example 3.1.
On the other hand, if S ⊆ M is a geodesic invex set with respect to the η defined in (1) then, for every p, q ∈ S there exists exactly one geodesic β p,q : (2) and β p,q satisfy the same initial conditions, hence by uniqueness of maximal geodesic passing through q with initial velocity η(p, q), we have α p,q = β p,q on [0, 1]. Therefore, S is a geodesic convex set. Then, S is not a geodesic convex set because, every geodesic curve passing x 0 , y 0 is not completely lie in S. Now we define the function η :
For every x, y ∈ M consider the geodesic α :
Hence,
We show that S is a geodesic invex set with respect to η. Let x, y ∈ B(x 0 , r 1 ), since B(x 0 , r 1 ) is geodesic convex (see [11, p. 259] ) therefore,
If x ∈ B(x 0 , r 1 ) and y ∈ B(y 0 , r 2 ) or x ∈ B(y 0 , r 2 ) and y ∈ B(x 0 , r 1 ) then, we have
Hence, S is a geodesic invex set with respect to η.
Let S be a geodesic convex subset of a finite dimensional Cartan-Hadamard manifold M and x ∈ M. Then, there exists exactly one point p S (x) ∈ S such that for each
Example 3.2. Let S 1 and S 2 be nonempty closed geodesic convex subsets of a finite dimensional Cartan-Hadamard manifold M and S 1 ∩ S 2 = φ. We set S := S 1 ∪ S 2 and define the function
Clearly α x,y (0) = y, α x,y (0) = η(x, y) and α x,y (t) ∈ S for all t ∈ [0, 1]. Hence, S is a geodesic invex set with respect to η.
In the next example we show that on every Riemannian manifold M there exists a function η : M × M → T M and a subset S of M which is geodesic invex set with respect to η, but it is not geodesic convex.
Recall that an open geodesic convex subset S of a Riemannian manifold M is called strongly convex if every ε-ball B(x, ε) in S is a geodesic convex set. For each x ∈ M there exists a number ε = ε(x) > 0 such that B(x, ε) is a strongly geodesic convex set (see [10, p. 84] ). Clearly S is not a geodesic convex set. Now we define the function η :
where α x,y for x, y ∈ S is the unique geodesic joining x and y such that α x,y (0) = y, α x,y (1) = x. Clearly S is a geodesic invex set with respect to η.
A real differentiable function f defined on manifold M is said to be η-invex (see [13] ) if for every x, y ∈ M,
Now we define the invexity of a function f which is defined on an open geodesic invex subset of a Riemannian manifold. The definition of a preinvex function on R n is given in [17] . See also [12, 18] for properties of preinvex functions. Now we extend this notion to Riemannian manifolds and study some of its properties in this setting. 
where α x,y is the unique geodesic defined in Definition 3.1. If the inequality (3) is strict then, we say that f is a strictly geodesic η-preinvex function. 
is a geodesic invex set with respect to η. (ii) The set K of solutions of problem
is a geodesic invex set with respect to η. Moreover, if f is a strictly geodesic η-preinvex function, then M contains at most one point.
Proof. (i) Let x, y ∈ S(f, λ).
Since S is a geodesic invex set with respect to η, there exists exactly one geodesic α x,y :
By the geodesic η-preinvexity of f we have
, that is, K is an intersection of geodesic invex sets with respect to η which is also a geodesic invex set with respect to η. If f is a strictly geodesic η-preinvex function and x, y ∈ K then, by the geodesic invexity of K with respect to η there exists exactly one geodesic β x,y :
Since f is a strictly η-preinvex function, we have
The following proposition is a generalization of Lemma 4 in [3] .
Proposition 3.2. Let M be a complete Riemannian manifold, S ⊆ M be a geodesic invex set with respect to η : M × M → T M and F : S × S → R be a continuous geodesic (η, η)-preinvex function, that is, F is η-preinvex with respect to each variable. Then, the function ψ : S → R defined by
Proof. Let x 0 , x 1 ∈ S and ε > 0 is given. Since S is a geodesic invex set with respect to η, there exists exactly one geodesic α x 0 ,x 1 :
By the definition of ψ , there exist y 0 , y 1 ∈ S such that
By the geodesic invexity of S with respect to η, there exists exactly one geodesic β y 0 ,y 1 :
It is clear that the curve γ = (α x 0 ,x 1 , β y 0 ,y 1 ) :
By the definition of ψ and the (η, η)-preinvexity of F we have
Therefore,
Preinvexity and differentiability
Motivated by [12] we introduce a condition on the function η : M × M → T M which verifies the relation between geodesic invexity and preinvexity of functions on geodesic invex subsets of Riemannian manifolds. 
In the following example we show that the function η defined in Example 3.1 satisfies the condition (C). 
By (4) and (5) and the definition of η we have η(y, z) = γ (0) and
L zy η(y, z) = −v = −tη(x, y).
Hence, the condition (C 1 ) is satisfied. Now, we show that η satisfies the condition (C 2 ). Let
be the reverse curve of α x,y , hence z =ᾱ x,y (1 − t). By a similar proof as above we have
By property L xy oL zx = L zy of parallel translation we get
Therefore, the condition (C 2 ) is also hold.
Theorem 4.1. Let M be a Riemannian manifold and S be an open subset of M which is geodesic invex with respect to η : M × M → T M. Assume that f : S → R is a differentiable and geodesic η-preinvex function. Then, f is a geodesic η-invex function.
Proof. By the geodesic invexity of S with respect to η, for every x, y ∈ S there exists exactly one geodesic α x,y :
Since f is geodesic η-preinvex for t ∈ (0, 1), we have
Divide by t to obtain
Taking the limit as t → 0, we have
Theorem 4.2. Let M be a Riemannian manifold and S be an open subset of M which is also geodesic invex with respect to η : M × M → T M. Suppose that the function f : S → R is differentiable. If f is geodesic η-invex on S and η satisfies the condition (C) then, f is geodesic η-preinvex on S.
Fix t ∈ [0, 1] and setx := α x,y (t). Then, we have
Now, multiplying (6) and (7) by t and (1 − t) , respectively, and adding we have
By the condition (C),
Preinvexity and semicontinuity
We recall the definition of a proximal subdifferential of a function defined on a Riemannian manifold and refer the reader to [4, 7] for the discussion of proximal calculus on such a manifold. 2 , for all x ∈ B(y, δ),
The set of all proximal subgradients of f at y ∈ M is denoted by ∂ p f (y) and is called the proximal subdifferential of f at y. Before going into a study of semicontinuous preinvex functions, let us prove the following theorem which will be useful in the sequel. Ifx ∈ S is a local optimal solution to the problem
thenx is a global minimum in (P ).
Proof. Suppose thatx ∈ S is a local minimum. Then, there is a neighborhood N ε (x) such that
Ifx is not a global minimum of f then, there exists a point x * ∈ S such that
Since S is a geodesic invex set with respect to η, there exits exactly one geodesic α such that
If we choose ε > 0 small enough such that d(α(t),x) < ε then, α(t) ∈ N ε (x). By the geodesic η-preinvexity of f we have
which is a contradiction to (8) . This complete the proof. 
Proof. By the definition of ∂ p f (y), there are positive numbers δ and σ such that By the geodesic η-preinvexity of f , we have
By combining (10) and (11) for each t ∈ (0, t 0 ) we get
Since M is a Cartan-Hadamard manifold, for each t ∈ (0, t 0 ),
By (11) and (13) we have
Taking limit as t → 0 we obtain
Since x ∈ S ∩ B(y, δ) is arbitrary, thus (9) holds and the proof is complete. It should be noted that if S is a subset of a Riemannian manifold M and f : S → (−∞, +∞] is a lower semicontinuous function which has a local minimum at y ∈ S then, 0 ∈ ∂ p f (y) (see [4] ).
Mean value theorem
T. Antczak in [1] proved the mean value inequality and the mean value theorem in invexity analysis. Now we extend these notions to Cartan-Hadamard manifolds. 
Since g(1) = g(0) = 0 then, using Rolle's theorem, it follows that there exists t 0 ∈ (0, 1) such that g (t 0 ) = 0. Let c := exp a (t 0 η(b, a) ) then, by (15), we have
